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Application Area D:

Circuits simulation and opto-electronic devices

. Circuits simulation

. Modelling of active optical devices

. Simulation of passive optical devices

. Chip design veri�cation
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Computational Nano Optics

Projects: D9, D15

Heads: P. Deu�hard, F. Schmidt
Sta�: B. Kettner, T. Pollok, A. Schädle

Computation of electromagnetic �elds in three space dimensions.

Wavelength of light: λ = 100− 1000nm
Structure size: 10− 100nm = 10− 100 · 10−9m

. Photonic crystals

. Photonic crystal �bres

. Metamaterials

. Lithography masks

. Photonic cavities
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Adaptive optics

Omega Centauri, European Southern Observatory (ESO)
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Laser Guide Star
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Challenge

Guide a laser beam to the telescope

. Transport very high energy at λ = 589.2nm

. Reduce radiation loos
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Photonic crystal �ber

Image courtesy: Crystal Fibre A/S, Denmark.
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Maxwell's equations

H(r , t) = exp(iωt)H(r)

Time harmonic Maxwell's equations

∇× ε(r)−1∇×H(r) + µ(r)ω2
H(r) = 0

+ boundary conditions + divergence condition

Propagating mode

H(r) = H(x , y , z) = exp(ikzz)H(x , y)
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Eigenvalue problem

H(x , y) =

 Hx(x , y)
Hy (x , y)
Hz(x , y)

 =

 H⊥

Hz


Trick: H̃z = kzHz[

P∇⊥ε−1∇⊥ · P− ω2µ −iPε−1
P∇⊥

0 ∇⊥ · Pε−1
P∇⊥ − ω2µ

] [
H⊥
H̃z

]

= k2
z

[
Pε−1

P 0
i∇⊥ · Pε−1

P 0

] [
H⊥
H̃z

]
with P =

[
0 −1
1 0

]
, ∇⊥ =

[
∂x
∂y

]
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Eigenvalue problem

General eigenvalue problem for kz with singular B

A

[
H⊥
H̃z

]
= k2

z B

[
H⊥
H̃z

]
,

=(kz) ∝ energy �ux across boundary
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Numerics

. High order curl conforming �nite elements

. Adaptive grid re�nement

. Transparent boundary conditions (PML, Pole condition)
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Geometry and Triangulation

Geometry cut out

Parameters to be optimized

Finite element grid
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Optimal Design
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Eigenmode

Intensity of the �eld
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Transparent boundary conditions

2D scalar case (Helmholtz equation)

∆u(x , y) + k2(x , y)u(x , y) = f , (x , y) ∈ R2

lim
|r |→∞

√
r
(
∂ru − iku

)
= 0 , r =

(x , y)

||(x , y)||
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Transformation unit rectangle
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Transformation unit rectangle

B

η

ξ

y

x

JB =

(
1 0

ηb − a hη + ξb

)
; |JB | = hη + ξb

∫
prism

∇u(x , y) · ∇φ(x , y)dx dy =∫ 1

0

∫ ∞

0

(
J−TB ∇ξ,ηũ(ξ, η)

)
· J−TB ∇ξ,ηφ̃(ξ, η)|JB |dξ dη
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Exponential test function

∫
prism

∇u(x , y) · ∇φ(x , y)dx dy =∫ 1

0

∫ ∞

0

(
J−TB ∇ξ,ηu(ξ, η)

)
· J−TB ∇ξ,ηφ(ξ, η)|JB |dξ dη

φ(ξ, η) = φ(η) exp(−sξ)

Laplace transform of u in distance variable ξ

U(η, s) =

∫ ∞

0

u(η, ξ) exp(−sξ)dξ
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Transformed equation

∫ ∞

0

(
J−TB ∇ξ,ηu(ξ, η)

)
· J−TB ∇ξ,ηφ(ξ, η)|JB |dξ

=

∫ ∞

0

(hη + ξb)∂ξφ∂ξu

−(ηb − a)∂ηφ∂ξu

−(ηb − a)∂ξφ∂ηu

+
1 + (ηb − a)2

(hη + ξb)
∂ηφ∂ηudξ

= hηs(sU(s, η)− u|ξ=0)

bs(−U(s, η)− s∂sU(s, η))

−(ηb − a)∂ηφ(sU(s, η)− u|ξ=0)

−(ηb − a)∂ηsU(s, η)

+∂ηφ∂ηI (U(s, η))
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Pole conditon

A function u(x , η) satis�es the Pole Condition if for all η the
Lapalcetransform U(s, η) of u(·, η) has a holomorphic extension
to the lower complex halfplane H.

Theorem (Schmidt, Hohage, Zschiedrich 1998):

The Pole condition is equivalent to the Sommerfeld radiation
condition:

lim
|r |→∞

√
r
(
∂ru − iku

)
= 0
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Hardyspace

A Möbius tranform maps the half plane H onto the
interior of the unit circle.

s0

−s0

s̃ =
s + s0

s − s0

We have

lim
s→∞

sU(s) = u(0)

lim
s̃→1

s0
s̃ + 1

s̃ − 1
U(s̃) = u(0)

In the variable s̃, U is expanded into a power series.

U(s̃) = (s̃ − 1)
(u(0)

2s0
+ (s̃ − 1)

∑
n≥0

ans̃
n
)
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Equations for the an

s(sU(s)−u0) ↔ s20


1
2s0

1
1
2s0

2 1

1 2 1

1 1




u|ξ=0

a0
a1

aN



s∂s(sU(s)) ↔ s0


− 1

2s0
0 1/2

0 −1 0 1
1
2s0

0 −2 0 3/2

n−1
2

−n
2

1−2n
2




u|ξ=0

a0
a1

aN



ICM/Matheon, Workshop 22 / 26



Equations for the an
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− 1

2s0
−1

1
2s0

0 −1
1 0 −1

1 −1




u|ξ=0

a0
a1

aN
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1
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1 −1
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Integral operator

∫ ∞

0

1

c + bξ
u(ξ) exp(−ξs)dξ =

(
b∂s + c

)−1

U(s)

. . .

In�nite element of size N + 2
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Numerical example

Convergence
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Conclusion

. Extension to time-dependent problems

. Regularity of the exterior Helmholtz problem

. Is exp(−ξs) �dense� ?

. Convergence theory
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